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Abstract The main purpose of this paper is using the elementary method to study the mean 
value properties of the Smarandache function, and give an interesting asymptotic 
formula. 
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81. Introduction 


Let n be an positive integer, if a(n) is the smallest integer such that na(n) 
is a perfect square number, then we call a(n) as the square complements of n. 
The famous Smarandache function S'(7) is defined as following: 


S(n) =min{m:me€ N,n|m!}. 


In problem 27 of [1], Professor F. Smarandache let us to study the properties 
of the square complements. It seems no one know the relation between this 
sequence and the Smaradache function before. In this paper, we shall study 
the mean value properties of the Smarandache function acting on the square 
complements, and give an interesting asymptotic formula for it. That is, we 
shall prove the following conclusion: 
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Theorem. For any real number x > 3, we have the asymptotic formula 


§2. Proof of the theorem 


To complete the proof of the theorem, we need some simple Lemmas. For 
convenience, we denote the greatest prime divisor of n by p(n). 
Lemma 1. If n is a square free number or p(n) > \/n, then S(n) = p(n). 
Proof. (i) n is a square free number. Let n = p,p2---p,-p(n), then 
pilp(n)!, £12. ot: 
So n|p(n)!, but p(n) f (p(n) — 1)!, so n f (p(n) — 1)!, that is, S(m) = p(n); 
(ii) p(n) > /n. Let n = pf ps? --- pr" p(n), so we have 
PUPS? ++ Dr” <o/n 
then 
p;'|p(n), @=1,2,---,7r. 


So n|p(n)!, but p(n) t (p(n) — 1)! so S(n) = p(n). 
This proves Lemma 1. 
Lemma 2. Let p be a prime, then we have the asymptotic formula 


S- p= sms +0(Sr) 
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Proof. Let 7() denotes the number of the primes up to x. Noting that 


r x 
i nz o (=) : 


from the Abel’s identity [2], we have 


LP = male—a(valya— J mtd 
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This proves Lemma 2. 
Now we prove the theorem. First we have 


d Slain) = DP S(n)|m(n)| 


n<a mn<a 


SS SS S(n)|H(n)]. (1) 
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To the inner sum, using the above lemmas we get 


d 8(n)lu(n)| 
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= YO plan)| +0 (2?) 


mS 


p2/np 
= > plu(n)|+0 (2?) 


np< 2 


P2./—a 


= SY vm YS p+0(a?) 
mf Ee SPS 


_ le(n)a? a(n)? ze 
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n<in? x nm? In? a<nd,/oy nm? 
— ja? ie 
~  2¢(4)m4 ina +O (= ina} (2) 
Combining (1) and (2), we have 
o>, 1CQ)\# Ls. og 1 
2. S(aln)) = Bc(a) ine, > ria 0( dink 
_ (2)a? | x 
~  In-ex eo (as : 


Noting that ¢(2) = ie so we have 


n 


lA 
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This completes the proof of Theorem. 
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